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2013/1

Problem 1. (18 pt) The first column of each row in the Table below defines

a new random variable X.

(a) Indicate the type of the random variable X. (There are three possible
types: discrete, continuous, or mixed.) Put your answers in the second

column.

(b) Find P[1 < X <2]. Put your answers in the third column. Your [&@sl

swers should be of the form 0.. - _ .
L Type | P[l<X <2][(pt)
X ~ Bir.lomial(S, 1/3) Discrete |5 ’1_2(_2]{3‘# =1 (2)
X ~ POlSSOIl(S'\:____ oL %— Discvete r'[, ;1;:0{7 g (2)
X ~U(0,3) (uniform on interval (0,3)) (2)
X ~ 5(3) See soluYion (2)
X ~N(0,1) st auzs T (9)
L l<xr<3 , Cortinuous |J%d N
_ ! D ) o | .
Jx (@) { 0, otherwise. L= L 0.3750 (2)
0, <0, 3 Cortinvous | Py (22 -F 1)
=, 0<z <1
— 277 = ’ =4 -1 22 o4 ox
Fx (@)= z, 1<z <3, 23 27 2379 (29)
1, x>3. X 0.1111
. X =1+ cos(©) where © ~ U(0,27) Continvovs | = 0.5000 (2%)

>

For this question, you do not need to provide the reason or show your calcu-
lation. However, you may use the space below or the last page of the exam

for your calculation.
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Problem 2. (6 pt) Let X ~ Binomial(36,1/216). (For example, roll three
dice 36 times and let X be the number of times a triple 6 appears.)

(a) 3pt) Find P[X >0]. =1-F[x%0] =1-P[x=0]

=1- (o) P°(-p" 7% =a- (1=
1 26
=1- (1) =0-154

(b) (3 pt) Use Poisson approximation to find P [X > 0].
LR

1 _
Oh=np =36 x 211'9 ol P[x70]=1-r(x%0] =1-r[x=0] =1- € ‘. 0-154

Problem 3. (12 pt) A random variable X has probability density function

@ 1 <ax <3,
fx (@) = { otherwise.

(a) (3 pt) Find and carefully sketch Fy(x).

Fc):/ -—sc.c)f = o‘.J

s —1
F, G = P[X én] = [7{({-)41: = )LT > 14743
1,
For 1<3’L43)

o« ® o« 2
F () = J -—t- clt :‘.J--—t-lzil =_B£__1
x 4 @ 2 ¢ ¢ ¥

1 \ 1
(b) (3 pt) Let Y = <. Find and carefully sketch the pdf of Y.

! b A (4
aX+b /t )= — . =i 7)
T A y 7 :ou’{‘( =/ ]
© .
1/ 4 Y
= i = 1(‘*)’43)
/;,(7) o, ohrernne
b..-
Ly 1 3
2 | _ J ‘_‘()’4 o’
2-3 o
9 - OJ (>} Ll ol lh N
_’_‘—‘—‘——’\
L o134, °7
i Lt &
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© Gy Let V=4 =gx)  EV=E[5]e [gmeode
(i) (2 pt) Find EV. -

oo 3
= d 1 de = |1 x c)oc =1 1
6152 [ 24wt = [32 23 e ns
- o '
(ii) (1 pt*) Find the cdf of V.
vV = i Becovse X el(1,3) e lenow thot vV € (_JS) 1)_
X . \
o, o< 7 s
N Fv (») = {%(Q'JJ—‘) Y3 &0¢ 1,
For 3 Svgl, 1, v>1.
= 3
o<ty es] o £ ¢9] = ppxoy] = [Aemde + [z s
aQ 1/ v 1/v
- 1(q- 1
“"':»‘l “f(a' v‘) 4 4o, St
1/v- o v o
(iii) (2 pt) Find the pdf of V. = -2\ .
1 12w {1 = - U"-
Merned (D /[w - _=L [::Vur) - Tyt 3 2
\'4 J!U’ o_ oherwis €
oy
A 0 — - 1 -"-z\o-'u,
My‘hﬂocl@ /\;(_"'J = % = = l_v_;.‘ "t\”"J 2

3{*) = [‘3'(‘”' . o

I-
(d) (1 pt™*) Tet Z = XX. Find f,(4). j
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Problem 4. (23 pt) The random variable X has pmf

(1’) _ %: r =12,
bx ~ | 0, otherwise.

(a) (2 pt) Check that the constant ¢ must be 3 and that EX = %.
= 2
Z"fo_u)=1 @ C_T'\- %:1 @Ezc:z'] <=J C _j‘/
x
= & c o = Zx& = ﬁ v
EX = 1"1 + .z."?. 2c¢ = 3
(b) (11 pt) Let V = +.
(i) (3 pt) Find the pmf of V. /3, V=1,
o(‘ - lji‘” P (W) = /3, =z
<. 2 o, oherwise
1 1 _l- T N _ _ o 1-—_
1/?_ -CZ-:JZ,- I‘ i%‘:\)} \."':1)? (
= '
(i) (8 pt) Find the following quantities: l o, ohermiie. |
i. (3 pt) E[V] - T
z 2— 1 -2,12.5
™M Ev xt + 1 2.1 -2
C 'D c = £, € = ERS = = &:z
IEV.-IE[ ] E-‘i‘— ozéi:"1+‘+ T -9’3 Z
ii. (3pt)E [V
X = L2] - L1221 w51 ¢ = £, £ = 9¢
@ IE[V J 1E[(.)() ] 'E[ X"J ? ot fixlo0 gw P T 2
/A 1 . =,z 32
e
iii. (2 pt) Var V
= [E[v'] - <2 _[E\*. 3_25 c22-25_2
)E[V (']EV) < (t..) T 3t 26 34
4
Rk 1

2-5
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(¢) (10 pt) Now, consider another random variable Y. The pmf of Y is not
known. However, suppose we know that

VarY =1, and X I Y.

(i) (1 pt*) Your friend, who seems to know the pmf of Y, calculate
P[lY — 2| zépmd get 3. Explain how this result is impossible.

oY <4 Y-EYl S a] ¢ V¥ o L
PL PL I ] il

(ii) (2 pt) Are X and Y uncorrelated?
Yes \\J_L = un(oﬁcln"'ecl ‘

(iii) (7 pt) Find the following quantities:
i. (2pt) Cov[X,Y] =0

-

“u-\cofre\ai'ccl & cov = O
ii. (1 pt) Cov [3Xj/b, 4Y] zaxaxcov Dt;(] = 0

o
XY = E[gUQL«LYJ]

= E[9tx ] iE [k
| Y . L&‘{ = 1 x [EY XY or coffs‘lﬁ‘f-c'l
iv. (1pt) E [X] 3 IE-[ X ]LglE[‘ x?] e Epelc Ex Ex
';-fo..\ "';% x2 = ¢~ Y

b.i.4 v. (1* pt) Var [%



ECS 315 EXAM 2 — Name ID 2013/1

Problem 5. (21 pt) Random variables X and Y have the following joint pmf
_Je(@+y), v€{1,3} andy € {1,3},
pxy (,y) = { 0, otherwise.

(a) (4 pt) Check that ¢ = 5z and then find the joint pmf matrix Py y.
Note that there are only four possible pairs (z,y) which have nonzero

bl e ZE e o
o 9 ¢ Y e 1|7 4 Y8 ceqervcric=A
PX,Y ) 2 [ Yy C,c] :3{1/ﬁ e S/¢ 1!.:::/1&
(b) (4 pt) Find the pmf px(z) and the Igrlf py(y)lz
e, =1
P Loy = 4 5/8, % =3, v, /%
o, ofwrmie
/%, =1,
Py ¥ = {";5 :;;3".

(¢) (1 pt) Are X and Y identically distributed?
“es lsk(_u = (’Tf_c) Ve

(d) (3 pt) Find EX and EY.

- 1¢ o
Ex < Fx1+Tx3= o= o =IEY

vie fn\;[ o{-)( ‘P"* Lb)

(e) (3 pt) Find E [XY].
Use "EK,‘( -Fum (&)

\N> 1 3
- Z “ 4 &
1 = = IxX—= $3x L + 3x_1 -
x>y 1 [ 3] ":[XT] 16 le L - °p<“.
3 ! i < -9—?:5-
2-7 &

P L5 202 P o) Fty)

7/
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(f) (2 pt) Are X and Y uncorrelated? A 8
c Y = g-xﬂ- = NO " ot A
< E[xY] 7 ExEY 2k b=

(g) (2 pt) Are X and Y independent?

Metirod 1 'lnCl‘c ) vAcorrelated carn.la-'l'ecl = rnot 'i.-«:\.f

Metined L Px, %) =Pxtxp (y) Va Vy Px, (L) 7 5 (1) p 1)
(h) (2 pt) Find Var[X + Y.

\/o-/[X 1-‘(] = Var X +VeorY & ?.C.o-r[x,Y]

-
-_— = .

PM (8 pt) Random variables X and Y have joint pdf

Je 0<y<x <2
fxy(z,y) = { 0, otherwise.

(a) (4 pt) In the picture below, specify the region of nonzero pdf. Then,
find the value of c.

YA

2l == =1

DO e o

> X

2-8
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(b) (4 pt) Find EX.

Problem 7. (6 pt)

(a}@{t) Consider an exponential random variable X ~ £(3). Find the
characteristic function px(v) of X.

M/(Zl pt) Suppose Y = X + X5 + X5 + Xy where X7, X5, X3, and X, are
iid. £(3).

(i) (2 pt) Find the characteristic function py(v) of Y.

(ii) (2 pt) Use pylukto find EY.

2-9
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Problem 8. (6 pt) For the following parts, there will be no partial credit.
Put only your final answers on this page. No explanation is required. You
may use the space provided on the next page for you calculation.

(a) (1 pt + 1 pt*) Consider a function . .12
A (a 0, 0<e<t frel=3= (3

L 9srep X

——1—‘—/4—1“5( g(LU): 17 §§$<§7 P[T"—"‘l T &

°z i1 2, otherwise. A

Suppose Y = g(X), where X ~ U(0,1). Which family of random vari-
ables does Y belong? What are its parameters? 1.2
° " Plr=2] =L = (%)

»n =0 2

") P )7 1-p) = [1-p)
Lw P F - (1=r L f B'mo'n'-a\ (.7") 1/3)

(b) (2 pt*) Let X ~ Binomial(4800,1/4). Recall that we can view a Bi-
nomial random variable as a sum of i.i.d. Bernoulli random variables.
Therefore, we can closely approximate the probability P [1188 < X < 1212]
by 2®(z) — 1 where ® is the standard normal cdf.

Find z and the corresponding 2®(z) — 1.

(¢) (1 pt**) Suppose X and Y are bivariate Gaussian random variables with
1
EX=2, EYZ?), UX:Q, Uy=1, pX7y=§.

Find the values of the constants a and b which minimize

E[(X - (aY + b))ﬂ .

(d) (1 pt))Do not forget to submit your formula sheet with your exam.

Problem 9. Extra Credit (1 pt): What is the room number of Dr.Prapun’s
office? Hint: BKD3_ _ _ - _.
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This page is intentionally left blank. Use it for your calculation.
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